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Abstract

A sequentialdynamicalsystem(SDS) over a domain � is a triple �
	���
������ , where(i)
	��
������� is anundirectedgraphwith � nodeswith eachnodehaving a statevaluefrom � ,
(ii) 
������ � � � � �"!"!"!�� �$#&% is a setof local transitionfunctionswith �$' denotingthe local
transitionfunctionassociatedwith node( ' and(iii) � is apermutationof (i.e.,a totalorder
on) thenodesin � . A singleSDStransitionis obtainedby updatingthestatesof thenodes
in � by evaluatingthefunctionassociatedwith eachof themin theordergivenby � .

We considerreachabilityproblemsfor SDSswith restrictedlocal transitionfunctions.
Ourmainintractabilityresultsshow thatthereachabilityproblemsfor SDSsarePSPACE-
completewhen either of the following restrictionshold: (i) 
 consistsof both simple-
threshold-functionsandsimple-inverted-threshold functions,or (ii) 
 consistsonlyof threshold-
functionsthat useweightsin an asymmetricmanner. Moreover, the resultshold even for
SDSswhoseunderlyinggraphshave boundednodedegreeandboundedpathwidth.Our
lower boundresultsalsoextendto reachabilityproblemsfor Hopfieldnetworksandcom-
municatingfinite statemachines.

On thepositive side,we show thatwhen 
 consistsonly of thresholdfunctionsthatuse
weightsin a symmetricmanner, reachabilityproblemscanbe solved efficiently provided
all the weightsare strictly positive and the ratio of the largest to the smallestweight is
boundedby a polynomialfunctionof thenumberof nodes.
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1 Intr oduction

1.1 Definitionof a SequentialDynamicalSystem

We study the computationalcomplexity of reachabilityproblemsfor Sequential
Dynamical Systems(SDSs),a new classof discretefinite dynamicalsystemsin-
troducedin [BMR00,MR00]. Formally, a sequentialdynamicalsystem) over a
givendomain* of statevaluesis a triple +-,�.0/1.0243 , whosecomponentsareasfol-
lows:

(1) ,5+-67."893 is a finite undirectedgraphwithout multi-edgesor self loops. , is
referredto astheunderlying graph of ) . We use : to denote ;<61; and = to
denote;>81; . Thenodesof , arenumberedusingtheintegers1, 2, ?$?@? , : .

(2) For eachnode A of , , / specifiesa local transition function, denotedby B ' .
Thisfunctionmaps*�C
DFE � into * , whereG ' is thedegreeof nodeA . Letting HI+
AJ3
denotethesetconsistingof node A itself andits neighbors,eachparameterof
B ' correspondsto amemberof HI+
AJ3 .

(3) Finally, 2 isapermutationof KMLN.POQ.$?@?@?R.S:UT specifyingtheorderin whichnodes
updatetheir statesusingtheir local transitionfunctions.Alternatively, 2 can
beenvisionedasa total orderon thesetof nodes.

A configuration V of ) canbeinterchangeablyregardedasan : -vector +-W � ."W � .@?@?$?$."W # 3 ,
whereeachW 'YX * , L[Z\A]Z\: , or asa function V_^�6 ` * . ¿Fromthefirst per-
spective, W ' is the statevalueof node A in configurationV , and from the second
perspective, VY+
AJ3 is thestatevalueof nodeA in configurationV .

Computationally, eachstepof an SDS(i.e., the transitionfrom oneconfiguration
to another),involves : substeps,wherethe nodesareprocessedin the sequential
orderspecifiedby permutation2 . The“processing”of a nodeconsistsof comput-
ing the valueof the node’s local transitionfunction andchangingits stateto the
computedvalue.The following pseudocodeshows the computationsinvolved in
onetransition.

a
A preliminaryversionof someof theresultsin thispaperwerereportedin [BH+01b].
Email addresses:barrett@lanl.gov (ChrisBarrett),hunt@cs.albany.edu

(HarryB. Hunt III), marathe@lanl.gov (Madhav V. Marathe),
ravi@cs.albany.edu (S.S.Ravi), djr@cs.albany.edu (DanielJ.
Rosenkrantz),res@cs.albany.edu (RichardE. Stearns).
� Researchsupportedby theUSDepartmentof Energy underContractW-7405-ENG-36.
� A part of this work wascarriedout whenHarry Hunt andS. S. Ravi werevisiting the
BasicandApplied SimulationSciencesGroup(D-2) of theLos AlamosNationalLabora-
tory. This researchwassupportedby NSFGrantsCCR-01-05336andCCR-97-34936and
agrantfrom theLosAlamosNationalLaboratory.
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for AUbcL to : do
(i) Node 2Y+dA�3 evaluatesBfehg 'ji . (This computationusesthe current valuesof the

stateof 2Y+dA�3 andthoseof theneighborsof 2Y+
AJ3 .) Let k denotethevaluecomputed.
(ii) Node 27+dAJ3 setsits statel@ehg 'mi to k .

end-for

1.2 Motivation

Ourprimarymotivationfor studyingSDSsis todevelopanaxiomatictheoryof sim-
ulation systemswhich canbe appliedto the designof large scalesocio-technical
simulationsof nationalinfrastructuressuchastransportation,electricalpower and
communication.TheSDSmodelhasbeensuccessfullyusedin thedesignof alarge-
scaletransportationsimulationsystemcalledTRANSIMS n at theLosAlamosNa-
tionalLaboratory.

Anothermotivationfor studyingSDSsis thatthey arecloselyrelatedto somewell
known modelsusedin dynamicalsystems,machinelearninganddistributedcom-
puting. Thus, lower boundson the computationalcomplexity of decidingsome
propertiesof SDSsyield asdirect corollariesanalogousresultsfor thosemodels.
Themodelsincludethefollowing:

(a)Classicalcellularautomata(CA) [Wo86]andgraph automata [NR98,Ma98],
which area widely studiedclassof dynamicalsystemsin physicsandcomplex
systems.

(b) DiscreteHopfieldnetworks[Ho82,FO99], whichareaclassicalmodelfor ma-
chinelearning,and

(c) Communicatingfinite statemachines[AKY99,GC86,Hoa84,Mi99], whichare
widely usedto modelandverify distributedsystems.

ThemaindifferencebetweengraphautomataandSDSsis that in theformer, node
statesare updatedin parallel while in latter, they are updatedin a specifiedse-
quentialorder. Recently, other authors[HG99,Ga97,Rk94]have also considered
sequentialupdates.In particular, HubermanandGlance[HG99] presentexperimen-
tal resultsto show thatcertainsimulationsof : -persongamesexhibit verydifferent
(but probablymorerealistic)dynamicswhenthecellsareupdatedsequentiallyas
opposedto whenthey areupdatedin parallel.

Decidabilityissuesfor dynamicalsystemsin generalandfor CA in particularhave

n TRANSIMS is anacronym for the“TRansportationANalysisandSIMulationSystem”.
For details,seehttp://transims.tsasa.lanl.gov.
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beenwidely studiedin the literature (seefor example, the two editedvolumes
[Wo86,Gu89]). In contrast,computationalcomplexity questionsarisingin thestudy
of finite CA andrelateddynamicalsystemshavereceivedcomparatively lessatten-
tion [Su95,SDB97,Gr87]. Herewe studythecomputationalcomplexity of several
reachabilityproblemsfor SDSs.Thesearefundamentalproblemsin thecontext of
analyzingdynamicalsystems.Our resultsindicatethatthesequestionsare,in gen-
eral, computationallyintractable.However, we identify several specialclassesof
SDSsfor which thequestionscanbeansweredefficiently.

2 Terminology and ProblemDefinitions

2.1 AdditionalSDSTerminology

Let ) = +-,�.0/1.0243 denotean SDSover a domain * . We let o4p denotethe global
transition function associatedwith ) . For any configurationV , o4pq+rV�3 givesthe
configurationreachedby ) in onestepstartingfrom V . Thisfunctioncanbeviewed
eitherasafunctionthatmaps* #

into * #
or asafunctionthatmaps*�s into *�s . o�p

representsthetransitionsbetweenconfigurations,andcanthereforebeconsidered
asdefiningthe dynamicbehavior of SDS ) . Recall thata configurationV canbe
viewedasa functionthatmaps6 into * . As aslightextensionof thisview, weuse
VY+-tc3 to denotethestatesof thenodesin t uv6 .

Let w denotethe designatedconfigurationof ) at time 0. Startingwith w , the
configurationof ) after x steps(for xzy { ) is denotedby |}+
)].~w�.0x�3 . Note that
|}+r)�.~w]."{&3�b�w and |�+
)].~w�.0x���Lf39b�o�pq+r|}+r)�.~w�.0x�3�3 . Consequently, for all x�y�{ ,
|}+r)�.~w].0x�3�b�o�pM��+jw�3 .

A fixed point of an SDS ) is a configurationV suchthat o�p�+�V43�b�V . An SDS
) is saidto cycle througha (finite) sequenceof configurations�
V � .�V � .@?$?@?�. Vq�P� if
o4pq+rV � 3Yb�V � , o4pq+rV � 37b�V n , ?@?$? , o�p�+�Vq�0� � 37bvV�� and o�p�+�Vq�P3Yb�V � . A fixedpoint is
acycle involving only oneconfiguration.

The phasespace ��p of an SDS ) is a directedgraphdefinedasfollows: There
is a nodein ��p for eachconfigurationof ) . Thereis a directededgefrom a node
representingconfigurationV to thatrepresentingconfigurationV�� if o4pq+rV�3�b�Vq� . In
sucha case,we alsosaythatconfigurationV is a predecessorof configurationV � .
SinceSDSsaredeterministic,eachnodein its phasespacehasanoutdegreeof 1.
In general,the phasespace��p may have an infinite numberof nodes.Whenthe
domain* of statevaluesis finite, thenumberof nodesin thephasespaceis ; *�; # .
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2.2 Variationsof theBasicSDSModel

The above definition of an SDS imposesno restrictionson either the domain *
of statevaluesor thelocal transitionfunctions,exceptthat therangeof eachlocal
transitionfunctionmustbeasubsetof * . SDSsthatmodelsimulationsystemscan
beobtainedby appropriatelyrestricting* and/orthelocal transitionfunctions.We
usethenotation“(x,y)-SDS” to denoteanSDSwhere‘x’ specifiestherestrictionon
thedomainand‘y’ specifiestherestrictionon thelocal transitionfunctions.Some
restrictionsstudiedin thispaperarediscussedbelow. Wheneverpossible,weprove
our hardnessresultsfor themostrestrictedSDSmodel,therebyobtainingstronger
lowerboundresults.

WeassumethattheBooleandomainconsistsof thetwo integers0 and1. Thefocus
of this paperis on SDSsover theBooleandomainwith specialclassesof Boolean
local transitionfunctions.We providebelow thedefinitions(from [Ko70]) of these
specialclassesandalsointroducethenotationfor thecorrespondingrestrictedclass
of SDSs.

Definition 2.1 A symmetric Booleanfunctionis onewhosevaluedoesnot depend
on theorder in which the inputsare specified;that is, the functionvaluedepends
only onhowmanyof its inputsare1.

Definition 2.2 GiventwoBooleanvectors � = �dk � .0k � .@?@?@?�.0k}�"� and � = �-� � .S� � .@?@?$?$.S���S� ,
definetherelation“ Z ” asfollows: ��Z�� if k ' Z�� ' , L�Z�A7Z�� . A � -inputBoolean
function B is monotoneif � Z�� impliesthat B¡+
�¢3£ZvB¡+-�93 .
Thereareseveralotherequivalentdefinitionsof monotoneBooleanfunctions;for
example,a Booleanfunction is monotoneif it canbeimplementedusingonly op-
eratorsfrom theset K AND, ORT [Ko70].

Definition 2.3 A ¤ -simple-threshold function takeson the value1 if at least ¤
of the Booleaninputs havevalue1; otherwise, the value of the function is 0. A
¤ -simple-inverted-threshold function is the negation of the ¤ -simple-threshold
function.

Thresholdfunctions,which area generalizationof simple-thresholdfunctions,are
definedasfollows.

Definition 2.4 A � -input thresholdfunction has � Booleaninputs k � , k � , ?@?@? , k}�
with respectiveweights¥ � , ¥ � , ?@?@? , ¥¦� , a Booleanoutput � anda threshold§ . The
valueof � is 1 iff ¨ �'j© � ¥ ' k ' y�§ .

References[BMR00,MR00,Re00a,LP00] investigatedmathematicalpropertiesof
SDSsover theBooleandomainwith symmetriclocal transitionfunctions.Indeed,
in [BMR00,MR00], wherethe SDS model was introduced,it was assumedthat
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thestatevaluesareBooleanandthat the local transitionfunctionsaresymmetric.
In our notation,anSDSover theBooleandomainwith symmetriclocal transition
functionsis referredto asa (BOOL , SYM)-SDS.The useof symmetricfunctions
is oneway of capturing“meanfield effects” in statisticalphysicsandotherlarge-
scalesystems.A similar assumptionhasbeenmadein [BPT91]. Whenthe local
transitionfunctionsaremonotone(but not necessarilysymmetric),we denotethe
correspondingclassof SDSsby (BOOL , MON)-SDS.

Weusethenotation(BOOL , ST)-SDSfor theclassof SDSswhereeachlocal tran-
sitionfunctionis asimple-thresholdfunction.Whenthesetof local transitionfunc-
tionsof anSDSis allowedto consistof bothsimple-thresholdandsimple-inverted-
thresholdfunctions,theresultingclassof SDSsis denotedby (BOOL , SIT)-SDS.

Theclassof SDSsover theBooleandomainwhereeachlocal transitionfunctionis
a thresholdfunctionis denotedby (BOOL , AWT)-SDS.In suchSDSs,theweights
usedin thelocal transitionfunctionsat thetwo nodesof anedgemaynotbeequal.
A usefulsubclassof (BOOL , AWT)-SDSsarethosein which theweightsusedin
local transitionfunctionsaresymmetric; thatis, for eachedge,theweightsusedby
thelocal transitionfunctionsat thetwo nodesof theedgeareequal.Wedenotethis
subclassof SDSsby (BOOL , SWT)-SDSs.As will be seen,permittingthreshold
functionsthat useweights in an asymmetricmannerchangesthe complexity of
reachabilityproblemssignificantly.

It is alsoof interestto considerdynamicalsystemmodelsobtainedby modifying
somecomponentsof anSDS.Onesuchmodelis a SynchronousDynamical Sys-
tem (SyDS),which is an SDSwithout the nodepermutation.In a SyDS,during
eachtimestep,all thenodessynchronouslyevaluatetheir local transitionfunctions
andupdatetheir statevalues.Thus,SyDSsaresimilar to classicalCA with thedif-
ferencethat theconnectivity betweencells is specifiedby anarbitrarygraph.The
restrictionson the domainof statevaluesandlocal transitionfunctionsdiscussed
for SDSsarealsoapplicableto SyDSs.

Table1 summarizesthenotationfor thevariousrestrictedclassesof SDSsconsid-
eredin this paper. We alsousethisnotationfor restrictedclassesof SyDSs.

2.3 ProblemsConsidered

Throughoutthis paper, we assumethat the domainof a given SDS(or SyDS) is
finite andthateachlocal transitionfunctioncanbeevaluatedin polynomialtime.
Thefocusof this paperis on thefollowing reachabilityproblemsfor SDSs.

(1) Given an SDS ) over a domain * , two configurationsw , ª , anda positive
integer x , the x -REACHABIL ITY problemis to decidewhether ) startingin
configurationw will reachconfigurationª in x or fewertimesteps.Weassume
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Notation Inter pretation

(BOOL, SYM)-SDS Domain of statevaluesis Booleanand eachlocal transitionfunction is
symmetric.

(BOOL, MON)-SDS Domain of statevaluesis Booleanand eachlocal transitionfunction is
monotone.

(BOOL, ST)-SDS Domainof statevaluesis Booleanandeachlocal transitionfunction is a
simple-thresholdfunction.

(BOOL, SIT)-SDS Domain of statevaluesis Booleanand eachlocal transitionfunction is
eitherasimple-thresholdfunctionor asimple-inverted-threshold function.

(BOOL, AWT)-SDS Domain of statevaluesis Booleanand eachlocal transitionfunction is
a (weighted)thresholdfunction. The weightsusedin the local transition
functionsmaybeasymmetric; that is, theweightsusedby thelocal transi-
tion functionsat thetwo nodesof anedgemaynotbeequal.

(BOOL, SWT)-SDS Domain of statevalues is Boolean,each local transition function is a
(weighted)thresholdfunction with symmetricweights; that is, for each
edge,the weightsusedin the local transitionfunctionsat the two nodes
of theedgeareequal.

Table1
Notationfor RestrictedClassesof SDSs

that x is specifiedin binary. (If x is specifiedin unary, it is easyto solve this
problemin polynomial time sincewe can execute ) for x stepsand check
whetherconfiguration« is reachedat somestep.)

(2) GivenanSDS ) overadomain* andtwo configurationsw , ª , theREACHA-
BILITY problemis to decidewhether) startingin configurationw everreaches
theconfigurationª . (Notethat,for x�y¬; *[; # , x -REACHABIL ITY is equivalent
to REACHABILITY.)

(3) Givenan SDS ) over a domain * anda configurationw , the FIXED POINT

REACHABIL ITY problemis to decidewhether ) startingin configurationw
reachesafixedpoint.

In particular, we studyhow variousrestrictionson thelocal transitionfunctionsof
an SDSaffect the complexity of the above reachabilityproblems.A summaryof
our resultsfor theseproblemsis givenin Section3.
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3 Summary of Resultsand Their Significance

As mentionedearlier, we study the complexity of several reachabilityproblems
for classesof SDSsover finite domains.Our resultsinclude lower bounds(i.e.,
PSPACE-hardnessresults)andupperbounds(i.e.,polynomialtimealgorithms)on
thecomplexity of reachabilityproblemsfor SDSsundervariousrestrictionson the
local transitionfunctions.

Lower Bounds: Usingadirectreductionfrom theacceptanceproblemfor linear
boundedautomata(LBA), we show that the x -REACHABIL ITY, REACHABIL ITY

andFIXED POINT REACHABILITY problemsarePSPACE-completefor (BOOL , SIT)-
SDSs.Theseresults,in turn,allow usto show thatthereachabilityproblemsremain
PSPACE-completefor (BOOL , AWT)-SDSsaswell. PSPACE-completenessre-
sultsfor (BOOL , MON)-SDSsfollow asdirectcorollariesof ourPSPACE-completeness
resultsfor (BOOL , AWT)-SDSs.Moreover, the resultshold evenunderall of the
following restrictions.

(a)Themaximumnodedegreein theunderlyinggraphis a constant.
(b) Thepathwidth(andhencethetreewidth) of theunderlyinggraphis aconstant.
(c) Thenumberof distinct local transitionfunctionsusedis aconstant.

In additionto theaboverestrictions,for (BOOL , AWT)-SDSs,thehardnessresults
hold even whenthe ratio of the maximumto the minimum weight is a constant.
Thesehardnessresultscanbe viewed asindicatinga trade-off between(i) asym-
metryin informationexchangebetweennodes(ii) thetypesof thresholdfunctions
that aresufficient to make the problemscomputationallyintractableand(iii) the
structureof theunderlyinggraph.

Upper Bounds: In contrastto thePSPACE-hardnessresultsfor (BOOL , AWT)-
SDSs,we show thatreachabilityproblemsfor (BOOL , SWT)-SDSscanbesolved
in polynomialtime whenall theweightsusedin the local transitionfunctionsare
positive andtheratio of themaximumweight to theminimumweight is bounded
by apolynomialin thesizeof theSDS.Notethattheclassof (BOOL , ST)-SDSsis
asubsetof theclassof (BOOL , SWT)-SDSsin whicheachweightis 1. Therefore,
theresultfor (BOOL , SWT)-SDSsalsoallows usto concludethatthereachability
problemsfor (BOOL , ST)-SDSscanbesolvedefficiently.

Applications: Theresultspresentedin this paperimply appropriatelower bounds
for reachabilityproblemsunderotherdynamicalsystemmodels.For instance,as
observed in Section7, the simplicity of the local transitionfunctionsandthe se-
quentialupdatemechanismcanbeusedto immediatelyimply thePSPACE-hardness
of appropriatereachabilityproblemsfor simpleclassesof communicatingfinite
statemachines.
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4 RelatedWork

TheSDSmodelfor dynamicalsystemsis relatedto two othermodelsfor dynam-
ical systems,namelydiscreteHopfield networks andcellular automata(CA). We
discussthe relationshipto discreteHopfield networks first. In general,a discrete
Hopfieldnetwork consistsof a directedgraphwith a statevaluefrom thedomain
K��­LN.@®�L¯T for eachnode,a thresholdfor eachnodeanda weight for eachedge.
The weightsmay not be symmetric.The next stateof a node ° is determinedby
a functionof its currentstate,its threshold,thestatesof theneighborswhich have
anedgefrom ° andtheweightsof thoseedges.Reachabilityproblemsfor discrete
Hopfieldnetworksareknown to bePSPACE-completeundertheparallelstateup-
datemodel[FO99].To thebestof our knowledge,researchershavenotconsidered
how restrictionson thestructureof the underlyinggraphaffect thecomplexity of
reachabilityproblemsfor Hopfield networks.Our hardnessresultsfor SDSshold
even whenthe maximumnodedegreeof the underlyinggraphis a constant.Us-
ing anelegantpotentialfunctionargument,it hasbeenshown [FGW83,FO99]that
whentheedgeweightsandnodethresholdsareintegers,Hopfieldnetworksunder
sequentialupdatesreachafixedpointregardlessof theinitial configuration.Ourre-
sultsshow thatSDSswhoselocal transitionfunctionsarethresholdfunctionsreach
afixedpoint whenthethresholdfunctionsusetheweightsin asymmetricmanner.

Computationalaspectsof CA have beenstudiedby a numberof researchers(see
[Mo90,Wo86,Gu89,Gr87,Su95] andthereferencestherein).However, mostof the
work addressescomputabilityissuesfor infinite CA. Papersthataremostrelevant
to our work arethefollowing.

(1) Sutner[Su95] characterizesthe complexity of reachabilityandpredecessor
existenceproblemsfor finite CA.

(2) Moore [Mo90] makes an importantconnectionbetweenunpredictabilityof
dynamicalsystemsandundecidabilityof someof their properties.He argues
thatundecidabilityis amuchstrongerform of unpredictability.

(3) Thework of Buss,PapadimitriouandTsitsiklis [BPT91] considersreachabil-
ity problemsfor coupledautomata.Theseautomatado not interactwith each
other;instead,thesystemusesa globalcontrol rule which is independentof
theidentitiesof theautomata.This identity independenceassumptionis simi-
lar to theuseof symmetricBooleanfunctionsin SDSs.

For additionalreferenceson discretedynamicalsystemsandHopfield networks,
see[AM94,CY88,Gu89,Pi94,Wo86] andthereferencestherein.
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5 Reachability Problemswith Thresholdand Monotone Functions

5.1 Outlineof Results

Thissectionestablishesthecomplexity of reachabilityproblemsfor severalclasses
of SDSsover the Booleandomain.It canbe verified thateachof the reachability
problemsis in PSPACE. Therefore,theproofsaddressonly thePSPACE-hardness
aspect.

We first show (Section5.2) that thereachabilityproblemsfor (BOOL , SIT)-SDSs
are PSPACE-completeeven when the maximumnodedegreeof the underlying
graphisaconstant.Next, weshow (Section5.3)thattheproblemsremainPSPACE-
completefor (BOOL , AWT)-SDSswhichallow thelocaltransitionfunctionsto use
weightsin anasymmetricfashion.ThePSPACE-completenessresultsfor (BOOL , MON)-
SDSsfollow asdirectcorollariesof theresultsfor (BOOL , AWT)-SDSs.

5.2 HardnessResultfor (BOOL , SIT)-SDSs

Theorem 5.1 There exist constants± � , ² � and : � such that the x -REACHABIL ITY,
REACHABIL ITY andFIXED POINT REACHABIL ITY problemsarePSPACE-complete
for (BOOL , SIT)-SDSs,evenwhenall of thefollowing restrictionshold.

(a) Themaximumnodedegreein theunderlyinggraphis boundedby ± � .
(b) Thepathwidth(andhencethe treewidth) of theunderlyinggraph is bounded
by ² � .

(c) Thenumberof distinct local transitionfunctionsusedis boundedby : � .
Proof: We prove the theoremby showing that (BOOL , SIT)-SDSscansimulate
linearboundedautomata(LBAs).Sincetheacceptanceproblemfor LBAs is known
to bePSPACE-complete[GJ79],thetheoremfollows.

Our reductionconsistsof two steps.Thefirst stepsimulatesanLBA with asequen-
tial circuit consistingof thresholdgatesandflip-flops,andthesecondstepsimulates
thesequentialcircuit with a (BOOL , SIT)-SDS.

First, we recall thatanLBA canbesimulatedby a lineararrayof finite automata
(identicalexceptfor startstate),wherethe linear arrayhasa finite automatonfor
eachcell of the LBA, andthe next stateof eachcell is basedon its currentstate
andthatof its immediateneighbors.Furthermore,eachof thefinite automata(and
thuseachcell of theLBA) canbe implementedasa cyclic circuit asfollows. In a
sequentialcircuit, the valuesof statevariablesat onetime periodarespecifiedas
Booleanfunctionsof thevariablesat theprevioustime.Our sequentialcircuit will
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useAND gatesandOR gatesto computethenew valuesof thestatevariables,and
will useD-FLIP-FLOPsto storethevaluesof thestatevariables.(At eachtimestep,
a D-FLIP-FLOPstorestheBooleanvalueof its input.)We useanimplementation
wherethereis a pair of D-FLIP-FLOPsfor eachstatevariable:oneD-FLIP-FLOP
holding the valueof the statevariable,andthe otherholding the complementof
thevalue.Thus,bothcomplementedanduncomplementedliteralsareavailableto
the combinationallogic circuit that setsthe D-FLIP-FLOPs.We assumethat the
equationfor computingthe new valuefor eachD-FLIP-FLOPis given in a form
thathasonly ANDs, ORs,andliterals (uncomplementedandcomplementedstate
variables).By having the valuesof all the literals available,we have no needfor
NOT gates.Thus,the sequentialcircuit canbe constructedusingonly AND, OR
andD-FLIP-FLOPs.We alsorequirethat the input to eachD-FLIP-FLOPis the
outputof somegate(even if thegateis a single-inputOR gate).Thus,thecircuit
consistsof a network of simple-thresholdgatesthat set the new valuesof the D-
FLIP-FLOP. It canbeseenthat theresultingsequentialcircuit simulatesthegiven
finite automatonand that the linear array of finite automatasimulatesthe given
LBA.

Wenow considerthesimulationof thesequentialcircuit,denotedby ³ , bya(BOOL , SIT)-
SDS,denotedby ) � . First, we specifytheunderlyinggraph , � +~6 � ."8 � 3 of ) � be-
ginning with 6 � . We classify the nodesin 6 � asbeingeithermainstream nodes
or clock nodes. We further partition the mainstreamnodesinto computational
nodes, dri ver nodes, andoutput nodes. The driver nodesand the outputnodes
will be usedto representD-FLIP-FLOPSwhile the computationalnodeswill be
usedto representtheAND andORcircuit elements.

´ For eachgatein thecombinationalnetwork for ³ , thereis exactlyonecomputa-
tionalnode(thusalsoamainstreamnode)in 6 � .´ For eachD-FLIP-FLOPin ³ , thereareexactly two mainstreamnodesin 6 � : a
drivernodeandanoutputnode.Thedrivernodesserveasinputsto theAND and
OR gatesof the sequentialcircuit. The outputnodeis usedto storethe output
of theD-FLIP-FLOPandthusall theoutputnodestogethercanbethoughtof as
storingtheconfigurationof theLBA at agiveninstantin time.´ Eachmainstreamnodeof 6 � hasanassociatedsetof clock nodes;eachsuchset
is referredto astheclock for thatmainstreamnode.

The clock for eachmainstreamnodecontainsa certainnumberof clock nodes
which wereferto asthe impedanceof themainstreamnode.Thenumberof clock
nodesdependson the type of mainstreamnode.For a computationalnode,the
impedanceis two plusthesumof thefan-inandfan-outof thecorrespondinggate
in ³ . Theimpedanceof adrivernodeis threeplusthefan-outof thecorresponding
D-FLIP-FLOP. Theimpedanceof anoutputnodeis 4. Wenow specifytheedgeset
8 � of , � .
´ For eachconnectionin ³ from the outputof a D-FLIP-FLOPto the input of a
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gate,thereis anedgein 8 � betweenthedriver nodefor thatD-FLIP-FLOPand
thecomputationalnodefor thatgate.´ For eachpair of gatesthatareconnectedin circuit ³ , thereis anedgebetween
thecorrespondingcomputationalnodesin , � .´ For eachconnectionin ³ from the outputof a gateto the input of a D-FLIP-
FLOP, thereis anedgein 8 � betweenthecomputationalnodefor thatgateand
theoutputnodefor thatD-FLIP-FLOP.´ For eachD-FLIP-FLOP, thereis anedgebetweenthedrivernodeandtheoutput
node.´ Within eachclock, thereis an edgebetweeneachof the clock nodesand the
mainstreamnodewith which theclock is associated.Notethateachclock node
hasan edgeonly to the mainstreamnodewith which the clock is associated,
so that theclock canbeconsideredas“private” clock for its mainstreamnode.
Also,notethattheimpedanceof eachmainstreamnode,whichequalsthenumber
of its clock nodes,alsoequalstwo plus thenumberof othermainstreamnodes
connectedto thatmainstreamnode.

Wenow specifythesetof local transitionfunctions/ � of ) � .
´ The local transitionfunctionsfor mainstreamnodesaresimple-thresholdfunc-

tionsgivenasfollows:µ A computationalnodecorrespondingto a gateof ³ with threshold x hasa
simple-thresholdfunctionwith thresholdequalto x plus thenumberof nodes
in its clock.µ Eachdriver nodeandeachoutputnodehave a simple-thresholdfunctionwith
thresholdequalto oneplusthenumberof nodesin its clock.´ Foreachclocknode,thelocaltransitionfunctionis the1-simple-inverted-threshold

function(i.e., theNORfunctionof its inputs).

Finally, wespecifythepermutation2 � of ) � . Thenodesof ) � appearin thefollow-
ing orderin 2 � .
(1) Thepermutationbeginswith all thecomputationalnodes,in anorderthatis a

topologicalsortof thedataflow orderin thecombinationalnetwork of circuit
³ . (Thus,if theoutputof agatek is aninput to gate� , thecomputationalnode
correspondingto k precedesthecomputationalnodecorrespondingto � .)

(2) All thedrivernodescomenext (in anarbitraryorder, sincethereareno edges
betweendrivernodes).

(3) All theoutputnodesarelistednext (in anarbitraryorder).
(4) All theclock nodesarelistednext (in anarbitraryorder).

Thiscompletestheconstructionof ) � from ³ . Wenow explainwhy thesimulation
works.Our simulationusestwo transitionsof ) � (i.e., two successiveapplications
of theglobaltransitionfunction o�p�¶ of ) � ) to simulateonestepof ³ .

We call a configurationof ) � proper if for eachclock, all the nodeswithin that
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clock have the samevalue.If this valueis 1, we saythat the clock is ON, andif
this value is 0, we say that the clock is OFF. In the simulationof ³ by ) � , the
configurationof ) � at theendof eachstepwill beproper.

Considera mainstreamnode k of ) � andits clock, during a stepof ) � . In accor-
dancewith permutation2 � , first thelocal transitionfunctionfor k is evaluated,then
laterin thepermutation,thelocal transitionfunctionsfor theclocknodesassociated
with k areevaluated.Supposethatat thestartof thestep,k ’s clock is OFF. When
the local transitionfunction for k is evaluated,all its clock nodeshave value0.
Sincethethresholdof thelocal transitionfunction Bf· at k is greaterthanthenum-
berof remaininginputsto thatfunction(theinputscorrespondingto k itself andto
its neighborsthatarealsomainstreamnodes),B¸· evaluatesto 0, regardlessof the
valuesof theseremaininginput variables.Next, for eachnode � within theclock,
considertheevaluationof thecorrespondinglocal transitionfunction Bf¹ , which is
theNOR function.Sincenode � andits neighbork bothhave value0, function B¸¹
evaluatesto 1.Thus,attheendof onetransitionof ) � , mainstreamnodek hasvalue
0, andits associatedclock nodeshave all beensetto 1; that is, clock for k is now
ON. Thus,theclock for eachmainstreamnodeis ON.

Now, supposethatat thestartof a stepof ) � , a givenclock is ON. As before,con-
sidertheclock’smainstreamnodek with its local transitionfunction B¸· . Theclock
nodesof k all have value1, andso Bf· will besensitive to thevaluesof themain-
streamnodesthatareneighborsof k . For eachclocknode� within k ’sclock,when
the local transitionfunction Bf¹ (which is the NOR function) is evaluated,since �
hasvalue1, Bf¹ evaluatesto 0. So,at theendof thisstepof ) � , themainstreamnode
k hasbeensetto avaluethatdependsonthevaluesof themainstreamneighborsof
k at thetimewhen B¸· is evaluated,andtheclock for k is now OFF.

We definea configuration of thecircuit ³ to beanassignmentof a Booleanvalue
to eachD-FLIP-FLOPin ³ . We now definethefollowing mappingº from config-
urationsof ³ into properconfigurationsof ) � . For a configuration» of ³ , º�+d»93 is
definedasfollows.

´ Eachdrivernodeof ) � hasthevalueof thecorrespondingD-FLIP-FLOPof ³ .´ Eachcomputationalandoutputnodeof ) � hasvalue0.´ Eachclock for a computationalor outputnodeof ) � is ON.´ Eachclock for a drivernodeof ) � is OFF.

Supposewe use o½¼ to denotethe global transitionfunction of circuit ³ . Our key
claim is thefollowing.

Claim 1 For everyconfiguration » of ³ , o�p�¶P+-o4ph¶�+
º�+d»93�303 = º�+-oU¼}+-»¾303 .
Proof: Considertwo stepsof ) � , beginning with configurationº�+-»¾3 . In the first
stepof ) � , theevaluationof the local transitionfunctionsof ) � resultsin the fol-
lowing.
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(1) Eachcomputationalnode k of ) � mimicsthecorrespondinggateof ³ , andis
setto theoutputvalueof thatgate.(Whenthe local transitionfunction B¸· of
node k is evaluated,theneighboringmainstreamnodescorrespondingto the
fan-inpointsof thegatecorrespondingto k in ³ havethesamevaluesaswhen
thegateis evaluatedin ³ , andthenodeitself andits neighborscorresponding
to fan-outpointshavevalue0.Thethresholdof Bf· is thesumof theimpedance
andthethresholdx of thecorrespondinggateof ³ . Thenumberof clocknodes
of k equalstheimpedanceof k , andsince k ’s clock is ON, theseclock nodes
all havevalue1. Thus, B¸· evaluatesto 1 if f at leastx of themainstreamnodes
correspondingto thegate’s fan-outpointshavevalue1.)

(2) All thedrivernodesaresetto 0. (Theclocksfor thedrivernodesareall OFF.)
(3) Eachoutputnode� is setto thenew valueof thecorrespondingD-FLIP-FLOP.

(Whenthelocal transitionfunction B¸¹ of node� is evaluated,theclock is ON,
theneighboringcomputationalnodecorrespondingto thegatewhoseoutput
is theinput to theD-FLIP-FLOPhasthecorrectvalue,andthenodeitself and
its neighboringdrivernodehavevalue0.)

(4) Theclocksfor computationalnodesandoutputnodesaresetto OFF, andthe
clocksfor drivernodesaresetto ON.

In thenext stepof ) � , theevaluationof thelocal transitionfunctionsof ) � results
in thefollowing.

(1) All thecomputationalnodesaresetto 0. (Their clocksareall OFF.)
(2) Eachdriver nodeis setto thevalueof its neighboringoutputnode.(Whenits

local transitionfunctionis evaluated,theclock is ON, theneighboringoutput
nodehasthe new value of the correspondingD-FLIP-FLOP, and the node
itself andits neighboringcomputationalnodesall havevalue0.)

(3) All theoutputnodesaresetto 0. (Their clocksareall OFF.)
(4) Theclocksfor computationalandoutputnodesaresetto ON, andtheclocks

for drivernodesaresetto OFF.

Thus,at the endof the secondstepof ) � , eachdriver nodehasthe valueof the
next stateof thecorrespondingD-FLIP-FLOPof ³ , eachcomputationalandoutput
nodehasvalue0, eachclock for a computationalor outputnodeis ON, andeach
clock for adrivernodeis OFF. Thiscompletestheproof of Claim 1. ¿
By inductionon the numberof stepsin the operationof ³ , it can be seenfrom
Claim1 thatif ³ startingin configurationÀ reachesconfiguration« in x steps,then
) � startingin configurationº�+dÀQ3 reachesconfigurationºq+d«Á3 in Ohx steps.Also note
that after an odd numberof stepsof ) � , the configurationof ) � doesnot lie in
the rangeof themappingº . This completesthePSPACE-hardnessproofsfor the
x -REACHABILITY andREACHABILITY problemsfor (BOOL , AWT)-SDSs.

By carryingout theabove reductionstartingfrom anLBA which whenit accepts,
reachesa certainstatewhereit cycles forever, it canbe seenthat the REACHA-
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BILITY andFIXED POINT REACHABILITY problemsfor (BOOL , AWT)-SDSsare
alsoPSPACE-hard.

Graph restrictions and local functions. We completetheproof of Theorem5.1
by showing thattheindicatedrestrictionson degree,pathwidthandlocal functions
hold.

First, considerStep1. Notethatfor any givenLBA, thesizeof theconstructedse-
quentialcircuit is linearin thenumberof cellsof theLBA. Also, sincethesequen-
tial circuit implementsa lineararrayof finite automata,if thecircuit is regardedas
a graphwith a nodefor eachcircuit element,the maximumnodedegreeandthe
pathwidth(andhencethe treewidth) of thegraphareeachboundedby a constant
independentof thenumberof cellsof theLBA.

Now considerStep2. Our transformationreplaceseachAND, OR andD-FLIP-
FLOPlocally by a graph,whosesizeis boundedby a constantindependentof the
numberof circuit elements.Moreover, theedgebetweentwo nodescorresponding
to differentcircuit elementsexistsonly if thecircuit elementsthey replacedhadan
edge.Thus,thedegreeof eachnodeandthepathwidth(andhencethetreewidth) of
thegraphareboundedby constants.

Finally, considerthe numberof distinct local transitionfunctionsused.We usea
simple-invertedthresholdfunctionat eachclock node.Without lossof generality,
we mayassumethat thefan-inandfan-outof eachcircuit elementis a small con-
stant(nomorethan2).Thetypeof thresholdfunctionatamainstreamnodedepends
on thenumberof clock nodesit is adjacentto andthesumof fan-inandfan-outof
thecircuit element.Giventhatthetotal numberof clock nodespercircuit element
is boundedby aconstant,wegetthatthenumberof thresholdfunctionsis bounded.

Thiscompletestheproofof Theorem5.1.

5.3 HardnessResultfor (BOOL , AWT)-SDSs

Recallthat in (BOOL , AWT)-SDSs,eachlocal transitionfunction is a (weighted)
thresholdfunctionandthat theweightsusedby the local transitionfunctionsmay
be asymmetric.In this section,we show that the reachabilityproblemsremain
PSPACE-completefor (BOOL , AWT)-SDSs.Our proof, which is basedon a re-
ductionfrom thereachabilityproblemsfor (BOOL , SIT)-SDSs,essentiallyshows
how simple-inverted-thresholdfunctionscan be simulatedusing thresholdfunc-
tions that usethe weightsin an asymmetricmanner. In contrast,we will show in
Section6 thatsubjectto sometechnicalconditions,thereachabilityproblemscan
besolvedin polynomialtime if asymmetryis notpermitted.
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Theorem 5.2 There is a polynomialtimereductionfroma (BOOL , SIT)-SDS)Âb
+-,�.0/53 andconfigurationsw and ª for ) to a (BOOL , AWT)-SDS) � bÃ+-, � .0/ � 3
andconfigurationsw � and ª � for ) � such that

(1) ) starting in configuration w reaches ª iff ) � starting in configuration w �
reaches ª � . Moreover, for each x , ) reaches ª in x stepsiff ) � reaches ª � in
x���L steps.

(2) ) startingin configuration w reachesa fixedpoint iff ) startingin w � reaches
a fixedpoint.

Proof: Given the graph , , the graph , � of ) � is constructedas follows. Let
K¸k � .0k � .@?$?@?$.0k # T denotethenodesof , wherethepermutation2 = �dk � .0k � .@?$?@?$.0k # � .
If thelocal transitionfunction B ' associatedwith nodek ' of , is asimple-threshold
function,thencorrespondingto k ' , thegraph, � will havetwo nodes,denotedby k '
and Ä k ' . If thelocal transitionfunction B ' associatedwith node k ' of , is a simple-
inverted-thresholdfunction,thencorrespondingto k ' , thegraph , � will have three
nodes,denotedby k ' , Ä k ' and k 'FÅdÆJÇ�È .
The edgesof , � are constructedas follows. Considereachedge K¸k ' .�kÊÉfT of , .
Correspondingto thisedge,thereareeithertwo or four edgesin , � asfollows.

(a) If at leastoneof the local transitionfunctions B ' and B�É is a simple-threshold
function,thenthetwo edgesK¸k ' .0kÊÉ¸T and K Ä k ' . ÄkÊÉ¸T areincludedin , � .

(b) If at leastoneof the local transitionfunctions B ' and B�É is a simple-inverted-
thresholdfunction,thenthetwo edgesK¸k ' . ÄkÊÉ¸T and K Ä k ' .0kÊÉfT areincludedin , � .

In additionto theedgesspecifiedabove,for eachA , L�Z�AYZ�: , if thelocal transition
function B ' associatedwith k ' in ) is asimple-inverted-thresholdfunction,thenthe
threeedgesK¸k ' . Ä k ' T , K$Ä k ' .0k ' Å
ÆJÇ�È T , and K¸k ' .0k ' Å
ÆJÇ�È T areincludedin , � .
Thepermutation2 � for ) � is constructedasfollows.Considereachnode k ' of , .
If B ' is asimple-thresholdfunction,thenlet 2qË' bÌ�dk ' . Ä k ' � . If B ' is asimple-inverted-
thresholdfunction,thenlet 2 Ë' b��dk ' Å
ÆJÇ�È .0k ' . Ä k ' � . Recallthat thepermutation2 for
) is �dk � .0k � .@?@?@?�.0k # � . Permutation2 � for ) � is givenby �d2qË� .�2qË� .@?@?@?�.02qË# � .
The local transitionfunctionsfor thenodesof ) � arechosenasfollows.Consider
eachnode k ' of , . Let HI+rk ' 3]bÍK¸k ' .S� � .0� � .$?@?@?$.0���$T denotetheneighborsof k ' in
, , including k ' itself. Notethat ;>HÎ+
k ' 3¸;&b�Ï��ÐL . Let B ' denotethelocal transition
functionassociatedwith k ' in ) .

(a)SupposeB ' is the ¤ ' -simple-thresholdfunction.(Thatis, B ' is 1 if f at least ¤ ' of
its ÏÑ��L inputsareequalto 1.)´ The local transitionfunction º ' associatedwith k ' in ) � is definedto be 1 if

andonly if at least ¤ ' of theinputsfrom nodesk ' , � � , � � , ?@?$? , �h� areequalto 1.
(This is equivalentto sayingthatin thethresholdfunction º ' , eachof the ÏÒ�_L
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inputs k ' , � � , � � , ?@?@? , ��� hasa weight of 1 andeachof the other inputshasa
weightof 0.)´ The local transitionfunction Óº ' associatedwith Ä k ' in ) � is definedto be 1 if
andonly if at least Ï9®�¤ ' �vO of the inputsfrom nodesÄk ' , Ä� � , Ä � � , ?@?@? , Ä ��� are
equalto 1.

(b) SupposeB ' is the ¤ ' -simple-inverted-thresholdfunction.(That is, B ' is 0 if f at
least ¤ ' of its ÏÑ��L inputsareequalto 1.)´ The local transitionfunction º ' associatedwith k ' in ) � is definedto be 1 if

andonly if at least Ï9®�¤ ' �vO of the inputsfrom nodesÄk ' , Ä� � , Ä � � , ?@?@? , Ä ��� are
equalto 1.´ The local transitionfunction Óº ' associatedwith Ä k ' in ) � is definedto be 1 if
andonly if at least ¤ ' of the inputsfrom nodesk ' ÅdÆJÇ�È , � � , � � , ?@?@? , �h� areequal
to 1.´ Thelocal transitionfunction º 'FÅdÆJÇ�È associatedwith k '�Å
ÆJÇ�È in ) � is definedto be
1 if andonly if theinput from nodek ' is equalto 1.

The intuition behindthe above constructionis as follows. When ) � executes,at
eachtime step,eachnode k ' of ) � will have the samestatevalueas the corre-
spondingnodek ' of ) . Further, thenodeÄ k ' of ) � will have thecomplementof the
statevalueof k ' . Thecomplementvalueis usedto implementthesimple-inverted-
thresholdfunctionsof ) usingthresholdfunctionsin ) � . Recallthatwhenthelocal
transitionfunction B ' associatedwith k ' in ) is a simple-inverted-thresholdfunc-
tion, ) � alsocontainsthenodek ' Å
ÆJÇ È . Thelocaltransitionfunction º ' ÅdÆJÇ�È associated
with nodek '�Å
ÆJÇ È savesthe(old) statevalueof k ' into k 'FÅdÆJÇ�È beforethestateof k ' is
updated.Thethresholdfunctionassociatedwith Ä k ' usesthis savedvalueto ensure
that in ) � , at eachtime step,the statevalueof Ä k ' is the complementof the state
valueof k ' .

Weneedto specifytheinitial configurationw � andthefinal configurationª � for ) � .
To dothis,wefirst defineafunction Ô thatmapspairsof configurations+-ÕÖ.S×�3 of )
into a configurationof ) � . We specifyconfigurationÔ�+~ÕØ.S×�3 of ) � by specifying
the valueeachnodeof ) � hasin that configuration,asfollows. For LÙZÚA[Z�: ,
Ô�+-ÕØ.S×Û3$+rk ' 3 = Õ¢+
k ' 3 , Ô�+~ÕØ.S×�3$+�Äk ' 3 = Õ¢+rk ' 3 , andif ) � hasthenode k '�Å
ÆJÇ È , then
Ô�+-ÕØ.S×Û3$+rk '�Å
ÆJÇ È 3 = ×[+
k ' 3 . (Here,we use ÕÜ+
k ' 3 to meanthe complementof the
Booleanvalue Õ¢+
k ' 3 .)

Let uscall a configurationÕ of ) � proper if for LÁZÝA¦Z�: , Õ¢+rk ' 3�b ÕÙ+ÞÄk ' 3 . The
following is aneasyobservation.

Observation 5.1 For any pair of configurations +~ÕØ.S×Û3 of ) , the configuration
Ô�+-ÕØ.S×Û3 of ) � is proper. ¿

Thenext claimpointsout thatwhenthestartingconfigurationof ) � is proper, every
subsequentconfigurationreachedby ) � is alsoproper.
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Claim 2 SupposeV is a properconfiguration of ) � . Then o4p ¶ +rV�3 is alsoa proper
configuration.

Proof: Recall that correspondingto eachnode k ' of ) , thereis a group,say , ' ,
consistingof either two nodes K¸k ' , Ä k ' T or threenodes K¸k ' Å
ÆJÇ È , k ' , Ä k ' T in ) � . For
LßZÃA�ZÃ: , let the AdàFá substepof ) � consistof thestateupdatesfor the group , '
of nodes.We will arguethatat theendof eachsubstep,theconfigurationof ) � is
proper. Since) � startsin a properconfiguration,theclaim follows.

Assumethat the configurationat the endof the +
A£®âL¸3 àFá substepis proper, and
considerthe AdàFá substep.Therearetwo casesto consider.

Case1: , ' bãK¸k ' . Ä k ' T . In this case,the A àFá substepupdatesthe two nodesof , '
in theorder �dk ' . Ä k ' � . Let äâ+dAJ3¦b\K¸k ' .S� � .S� � .@?@?@?�.S���RT denotetheinputsto k ' which
have weight1 in thelocal transitionfunction º ' . By our construction,theset ÄäÃ+dA�3
of inputsto Ä k ' which have weight1 in the local transitionfunction Óº ' is givenbyÄäÃ+dA�31bÍK$Äk ' .�Ä� � .0Ä� � .@?$?@?$.�Ä�h��T . Sincethe configurationof ) � at the endof substep
A�®ÝL is proper, thevaluesof k ' and Ä k ' arecomplementsof eachotherbeforethe
stateof k ' is updated,andfor LÁZ�åæZÝÏ , thevalues�@É and Ä �$É arecomplementsof
eachother.

Therefore,for any ��yc{ , � of thevaluesin äÌ+
AJ3 are1 if f Ï���L]®ç� of thevalues
in ÄäÌ+
AJ3 are1. In particular, at least ¤ ' of the valuesin äÌ+dA�3 are1 if f lessthan
Ï���O9®�¤ ' of thevaluesin ÄäÃ+dA�3 are1. Recallthat the thresholdsof º ' and Óº ' are
¤ ' and Ï��ÐO9®v¤ ' respectively. Therefore,if the valueof k ' at the endof substep
A is 1 (0) thenthe valueof Ä k ' at the endof substepA is 0 (1). In otherwords,the
configurationat theendof the A
àÞá substepis proper.

Case2: , ' b�K¸k '�Å
ÆJÇ È .0k ' . Ä k ' T . In this case,the A
àÞá substepupdatesthesenodesin
theorder �dk ' Å
ÆJÇ È .�k ' . Ä k ' � . By our construction,theset äâ+dAJ3 of inputswith weight1
to the local transitionfunction º ' is givenby äÌ+
AJ3�b�K$Äk ' .�Ä� � .0Ä� � .@?@?@?�.�Ä���RT . Further,
the set ÄäÌ+dA�3 of inputs to Ä k ' which have weight 1 in the local transitionfunction
Óº ' is givenby ÄäÃ+dA�3ÛbÃK¸k ' ÅdÆJÇ�È .S� � .S� � .@?@?$?$.S�h��T . Further, theonly input to the local
transitionfunction º ' ÅdÆJÇ�È with weight1 is k ' . Therefore,whenthestateof k ' Å
ÆJÇ È is
updated,its new statevalueis the valueof k ' at the endof the +
A�®ÝLf3JàFá substep.
This observation in conjunctionwith the assumptionthat the configurationof ) �
beforesubstepA is proper, impliesthatat thetimewhenthelocal transitionfunction
Óº ' is computed,thevaluesof Ä k ' and k ' ÅdÆJÇ�È arecomplementsof eachother, andfor
L­ZÂåèZvÏ , thevalues�@É and Ä �@É arecomplementsof eachother. Therefore,for any
�éy�{ , � of the valuesin äÌ+dA�3 are1 if f Ï¾�âL9®v� of the valuesin ÄäÌ+
AJ3 are1.
In particular, at least Ï��vO�®�¤ ' of thevaluesin äÌ+dA�3 are1 if f lessthan ¤ ' of the
valuesin ÄäÌ+
AJ3 are1. Recallthat thethresholdsof º ' and Óº ' are Ï�®Â¤ ' ��O and ¤ '
respectively. Therefore,if the valueof k ' at the endof substepA is 1 (0) thenthe
valueof Äk ' at theendof substepA is 0 (1). In otherwords,theconfigurationat the
endof the A àFá substepis properin this casealso,andthis completesthe proof of
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Claim 2. ¿

Our next claimpointsout that ) � properlysimulates) .

Claim 3 For anypair of configurations +~ÕÖ.0×�3 of ) , o4p ¶ +dÔ�+~ÕÖ.S×Û3�3 = Ô�+-o�p�+-Õ13P.PÕè3 .

Proof: Let o�p�+-Õè3 = V , o�p ¶ +
Ô�+-ÕØ.S×Û303 = V � , and Ô�+-o�p�+-Õè3R.PÕæ3 = V � .

(1) Considerany node k ' of ) � , LêZcA�Z�: . We mustshow that V � +
k ' 3 = V � +rk ' 3 .
Recall that node k ' in ) correspondsto node k ' of ) � . Therearetwo casesto
consider.
Case1: The local transition function B ' of k ' in ) is a ¤ ' -simple-threshold-
function.

By ourconstruction,theinputswith weight1 to thelocal transitionfunction º '
of k ' in ) � areexactlythoseinputsto thelocaltransitionfunction B ' in ) . Further,
themappingÔ ensuresthateachinput with weight1 to º ' hasexactly thesame
valueasthatof thecorrespondinginput to B ' , andthe thresholdof º ' is also ¤ ' .
Therefore,thevaluescomputedby B ' and º ' areidentical.In otherwords,V � +rk ' 3
= VY+rk ' 3 . Now, by thedefinitionof Ô , thevalueof V � +
k ' 3 = Ô�+-o4pq+~Õæ3P.PÕè3$+rk ' 3 =
VY+rk ' 3 . Therefore,V � +rk ' 3 = V � +
k ' 3 in this case.
Case2: Thelocaltransitionfunction B ' of k ' in ) isa ¤ ' -simple-inverted-threshold-
function.

Let äâ+dAJ3 = K¸k ' .S� � .S� � .$?@?@?$.0���RT denotetheinputsto thefunction B ' in ) . By our
construction,theset ä � +dA�3 of inputswith weight1 to the local transitionfunc-
tion º ' of k ' in ) � is givenby ä � +dAJ3 = K$Ä k ' .�Ä� � .0Ä� � .@?$?@?$.�Ä���$T . By Observation5.1,
Ô�+-ÕÖ.S×�3 is a properconfigurationof ) � . So,eachvaluein äÌ+dA�3 is thecomple-
mentof thecorrespondingvaluein ä � +
AJ3 . Therefore,for any �[yÝ{ , � valuesin
äÌ+dA�3 are1 if f Ï���L]®é� valuesin ä � +dA�3 are1. In particular, lessthan ¤ ' values
in äÌ+
AJ3 are1 if f at leastÏ��ÂO�®é¤ ' valuesin ä � +dAJ3 are1. Thethresholdof º ' is
Ï���OÛ®_¤ ' . Hence,thevaluescomputedby B ' and º ' areidentical,and V � +
k ' 3 =
V � +rk ' 3 in this casealso.

(2) Considerany nodeÄk ' of ) � , LÛZvA�Z�: . Wemustshow that V � + Ä k ' 3 = V � + Ä k ' 3 .
By Observation 5.1, Ô�+~ÕÖ.S×�3 is a proper configurationof ) � . Thus, from

Claim 2, V � = o�p�¶R+
Ô�+-ÕØ.S×Û303 is also a properconfiguration.That is, V � + Ä k ' 3 =
V � +rk ' 3 . By thedefinitionof themappingÔ , V � + Ä k ' 3 = Ô�+-o�p�+-Õæ3R.PÕè3�+ Ä k ' 3 = VY+rk ' 3 .
¿Fromtheproof for (1) above,weknow that V � +rk ' 3 = VY+rk ' 3 . Therefore,V � +�Ä k ' 3 =
V � +ÞÄ k ' 3 .

(3) Considerany A , L�Z�A�Z�: , for which V � hasthenode k 'ÞÅ
ÆJÇ�È . We mustshow
that V � +rk ' Å
ÆJÇ�È 3 = V � +
k ' Å
ÆJÇ�È 3 .

As arguedin the proof of Claim 2, k ' ÅdÆJÇ�È savesthe valueof k ' before k ' is
updated.Therefore,V � +
k 'ÞÅdÆJÇ�È 3 = Õ¢+
k ' 3 . By the definition of the mapping Ô ,
V � +rk ' Å
ÆJÇ È 3 = Ô�+-o4pq+~Õæ3P.PÕè3$+rk ' Å
ÆJÇ È 3 = ÕÜ+
k ' 3 . Therefore,V � +
k ' ÅdÆJÇ�È 3 = V � +
k ' ÅdÆJÇ�È 3 .

Thiscompletestheproofof Claim 3. ¿
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Recallthattheinitial andfinal configurationsof ) arew and ª respectively. Wecan
now specifythe initial andfinal configurationsw � and ª � of ) � asfollows. Let wYë
denotetheconfigurationof ) wherethestateof every nodeof ) is 0. We set w � to
betheconfigurationÔ�+jw�.~w ë 3 and ª � to be Ô�+-o�pq+
ªÑ3R.0ª¦3 . Thefollowing claim is an
easyconsequenceof Claim3 andinductionon x .
Claim 4 Let ) bethegiven(BOOL , SIT)-SDSwith initial andfinal configuration
w . Let ) � bethe (BOOL , AWT)-SDSconstructedasabovewith initial configura-
tion w � . Then,for all x�y\L , |}+r) � .~w � .0x�3 = Ô�+
|}+r)�.-w�.0x�3P.0|}+r)�.~w�.�x½®ÂL¸303 . ¿
Theorem5.2is a directconsequenceof Claim 4.

Weobservethattheweightsusedin thelocaltransitionfunctionsof the(BOOL , AWT)-
SDS ) � constructedabove arefrom Kh{ì.@L�T . By carryingout the reductionfrom a
(BOOL , SIT)-SDS in which the numberof distinct local transitionfunctionsis a
constantandwhoseunderlyinggraphhasboundeddegreeandboundedpathwidth
(treewidth), weobtainthefollowing corollary.

Corollary 5.1 Thereexistconstants± n , ² n and : n such that the x -REACHABIL ITY,
REACHABIL ITY andFIXED POINT REACHABIL ITY problemsarePSPACE-complete
for (BOOL , AWT)-SDSs,evenwhenall of thefollowing restrictionshold.

(a) Themaximumnodedegreein theunderlyinggraphis boundedby ± n .
(b) Thepathwidth(andhencethe treewidth) of theunderlyinggraph is bounded
by ² n .

(c) Thenumberof distinct local transitionfunctionsusedis boundedby : n .
(d) Theweightsusedin thelocal transitionfunctionsare from Kh{ì.@L�T .

Further, we can replacethe weight 0 in the proof of the above corollary by the
value L¸íî+-± n ��ON3 , where ± n is theconstantdenotingthemaximumnodedegreein
theunderlyinggraph , � of SDS ) � . With this weight,evenif all theinputswhich
werepreviouslyassignedaweightof 0 wereto be1, thetotal contribution from all
thoseinputswill still belessthan1; thatis, thethresholdfunctionat any nodewill
not besensitive to any of the inputswith weight Lfíì+-± n ��ON3 . Wheneachweight is
from KMLfíî+d± n �ÐON3R.@L�T , the ratio of the maximumto minimum weight is ± n ��O , a
constant.Thus,wealsogetthefollowing corollary.

Corollary 5.2 ThereachabilityproblemsarePSPACE-completefor (BOOL , AWT)-
SDSswhich in additionto Conditions(a), (b) and(c) of Corollary 5.1,alsosatisfy
the conditionthat the ratio of the largestto the smallestweightusedin the local
transitionfunctionsis a constant.

Theabove corollarypointsout thatasymmetricweightsaresufficient to make the
reachabilityproblemsfor (BOOL , AWT)-SDSsPSPACE-complete;a large ratio
of maximumto minimumweightsis notneeded.
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It canbeseenthateachthresholdfunctionthatusesonly nonnegativeweightsis a
monotonefunction.Therefore,wealsogetthefollowing.

Corollary 5.3 ThereachabilityproblemsarePSPACE-completefor (BOOL , MON)-
SDSsevenwhenConditions(a), (b) and(c) of Corollary 5.1hold.

6 Polynomial Time Algorithms for (BOOL , SWT)-SDSs

As mentionedin Section2.2,in (BOOL , SWT)-SDSs,thelocal transitionfunctions
(whicharethresholdfunctions)useweightsin asymmetricmanner. Moreprecisely,
for eachedge K¸k�.S�}T of theSDS,theweight of the input correspondingto � used
in thelocal transitionfunction Bf· is equalto theweightof theinput corresponding
to k usedin thelocal transitionfunction Bf¹ . Therefore,we envision this weightas
beingassociatedwith the edge K¸k�.S�}T , anddenoteit by ¥­+�K¸k�.S�}T�3 . Also, for each
nodek , theweightof theinput correspondingto k usedin Bf· canbeenvisionedas
theweightof thenodek , denotedby ¥Á+
kï3 .
In this section,we show that thereachabilityproblemsremainefficiently solvable
for (BOOL , SWT)-SDSs,providedall theweightsarestrictly positiveandtheratio
of thelargestweightto thesmallestweightis boundedby a polynomialin thesize
of thegivenSDS.

ThroughoutSection6, ) is a (BOOL , SWT)-SDSin which all thenodeandedge
weightsare strictly positive. For a node ° , let ¤¯ð denotethe thresholdvalue for
the local transitionfunction Bfð , and let t�+d°Q3 denotethe sumof the weight of °
andthe weightsof all the edgesincidenton ° . If ¤¯ð1ñ¬{ , thensinceall the node
andedgeweightsarestrictly positive, Bfð is theconstantfunctionwhich is 1 for all
inputs.This functioncanberealizedby setting¤¯ð�bv{ . Further, if ¤¯ð�òÂt¬+
°Q3 , then
Bfð is theconstantfunctionwhich is 0 for all inputs.This functioncanrealizedby
setting ¤¯ð�b�t�+
°ì3��Âó , for any ó�òv{ . Therefore,we assumethatfor eachnode ° ,
{ÁZ�¤¯ð�Zvt¬+
°Q3��éó , wherethevalue ó�ò_{ canbechosenappropriately.

For eachnode ° , define ô � +d°Q3�b�¤Nð and ô ë +
°ì3£bât�+d°Q3¡®é¤NðÒ�Âó . Since {�Zc¤¯ð¾Z
t�+d°Q3f�5ó , both ô � +d°Q3 and ô ë +
°ì3 arenonnegative.Thevalueô � +
°ì3 canbeenvisioned
astheminimumtotalweightof the1-inputsto thelocal transitionfunction B¸ð such
that theoutputof Bfð is 1. Similarly, thevalue ô ë +d°Q3 canbeenvisionedasthemin-
imum total weight of the 0-inputsto the local transitionfunction B¸ð suchthat the
outputof B¸ð is 0. Note that for any node ° , ô � +d°Q3 and ô ë +d°Q3 arenonnegative even
if thefunction Bfð is a constantfunction(i.e., Bfð is 0 for all inputsor Bfð is 1 for all
inputs).

Theorem 6.1 Let ) be a (BOOL , SWT)-SDS in which all the node and edge
weightsarestrictly positive. Let ¥�õ �~ö denotethelargestvalueamongthenodeand
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edgeweights,andlet ¥�õ�÷>ø denotethesmallestnodeweight.If theratio ¥�õ �~ö íh¥�õ�÷>ø
is boundedbya polynomialin thesizeof ) , thenthe x -REACHABIL ITY, REACHA-
BILITY and FIXED POINT REACHABIL ITY problemsfor ) canbesolvedin poly-
nomialtime.

Proof: We usea potentialfunctionargument.Givena (BOOL , SWT)-SDS ) and
a configurationV for ) , we assigna potentialto eachnodeandeachedgein the
underlyinggraph, asdiscussedbelow.

The potential ù5+�V¡.S°Q3 of a node ° with respectto configurationV is definedas
follows:

ù5+�V¡.0°ì3 b ô � +d°Q3 if VY+d°Q3�b�L
b ô ë +d°Q3 if VÒ+
°Q3�bÐ{ .

The potential ùê+rV�.Súf3 of an edge úûb Kfü�.S°�T with respectto configurationV is
definedasfollows:

ù5+�V¡.Súf3 b ¥Á+dúf3 if ú�b�Kfü�.S°�T and VY+düï3�ýb�VÒ+
°Q3
b { otherwise.

For aconfigurationV , thepotentialof ) is definedby

ùê+rV¡.0)�3Yb�þð"ÿ s
ùê+rV¡.S°Q3q��þ� ÿ�� ùê+rV�.Súf3R?

The following claim givesupperandlower boundson the potentialof ) for any
configurationV .

Claim 5 For anyconfiguration V , {âZ ùê+rV½.0)Ñ3éZ + � =Ì�é:�3ì¥�õ �~ö �é:qó , where
: and = are respectivelythenumberof nodesandedgesof , .

Proof: First, considerthe lower bound.As observed earlier, for any node ° , the
values ô ë +
°ì3 and ô � +
°Q3 areboth nonnegative. Thus, ùê+rV½.S°Q3èy�{ for all ° X 6 .
Sincethe edgeweightsare strictly positive, ùê+rV�.Súf3Îy { for all ú X 8 . Thus,
ù5+�V�.0)�3Iy { .

Weprovetheupperboundonthepotentialof ) by consideringthecontributionsof
thenodesandedgesseparately. For any node ° , ô ë +d°Q3 and ô � +
°ì3 areeachbounded
by t�+d°Q34��ó . Therefore,ùê+rV¡.S°Q3ÛZÌt�+d°Q3½��ó . For each° X 6 , let GPð denotethe
degreeof ° . Sincetheweightof eachedgeandnodeis atmost ¥�õ �~ö , and t�+d°Q3 also
includestheweight ¥­+d°Q3 of thenode° , wehave t�+d°Q3£Zc+-GPðï� Lf3ì¥�õ �~ö . Therefore,
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þð"ÿ s
ùê+rV¡.S°Q3ïZ þð"ÿ s

� +-GRð��vLf3ì¥�õ �~ö �éó��
b_+-O�=Ì�ç:�3ì¥�õ �~ö �û:�ó$? (1)

For any edgeú , ùê+rV¡."úf3£Z�¥Á+dúf3�Z�¥�õ �~ö . Therefore,

þ� ÿ�� ùê+rV½."úf3IZ =v¥�õ �~ö ? (2)

¿FromEquations(1) and(2), it follows that ùê+rV�.�)¦3ÑZÌ+ � =Ã�é:q3ì¥�õ �~ö �é:�ó . This
completestheproofof Claim 5. ¿
The next claim pointsout that the potentialof ) decreaseswhenever the stateof
a nodechanges.In statingtheclaim,we think of eachstepof ) asconsistingof :
substeps,whereeachsubstepinvolvestheevaluationof thelocaltransitionfunction
at anodeandupdatingthestateof thatnode.

Claim 6 Suppose° is a nodeof ) thatundergoesa statechangeduringa stepof ) .
Let V and V � denoterespectivelytheconfigurationof ) justprior to thesubstepand
justafter thesubstepin which thestateof ° changes.Then,ù5+�Vq�F.0)Ñ3¢Z ùê+rV�.�)¦3�®
¥�õ�÷>ø .
Proof: Let thestateof node° changefrom � to 	 in thesubstepunderconsideration.
As partof this substep,when Bfð is evaluated,let t�
N+
°ì3 denotethetotal weightof
all the edgesbetween° anda neighborof ° whosestatevalueis � . Similarly, let
t
�"+d°Q3 denotethetotalweightof all theedgesbetween° andaneighborof ° whose
statevalueis 	 . Whenthestateof ° changesfrom � to 	 , only thepotentialof node
° andthepotentialsof theedgesincidenton ° maychange;thepotentialsof other
nodesandedgesof , areunaffected.

Beforethe changein the stateof ° , let �7+
°ì3 denotethe sumof the potentialof °
andthepotentialsof theedgesincidenton ° . Clearly, �7+d°Q3Ñbcô�
N+
°ì34��t��R+d°Q3 . Let
� � +
°Q3 denotethesumof thepotentialof ° andthepotentialsof theedgesincident
on ° afterthechangein thestateof ° . As before,�ï�
+d°Q3�bvô��P+
°ì3ì� t�
N+
°Q3 . Sincethe
stateof ° changedfrom � to 	 , wehave t��R+d°Q3£yÂô��P+d°Q3 and t�
N+
°ì3¯�æ¥­+d°Q3Òñéô�
¯+d°Q3 .
Consequently, �7+d°Q3�yÂô�
N+
°ì3}� ô��P+d°Q3 and � � +d°Q3£ñ_ô�
N+
°Q3�� ô��P+
°ì3�®¢¥Á+
°ì3 . Thus,the
decreasein potentialdueto thechangein stateof ° is �7+d°Q3M®�� � +
°Q3£ò_¥Á+
°Q3£y�¥�õ�÷>ø .
Claim 6 follows. ¿
We now continuewith the proof of Theorem6.1. ¿FromClaim 5, the initial po-
tential of the SDS ) is at most ù�õ �~ö b + � =���:q3 ¥�õ �~ö ��:�ó . Eachstatechange
decreasesthepotentialby at least ¥�õ�÷>ø . Sincethe total potentialof theSDSis al-
waysnonnegative, after at most �
ù4õ �~ö íh¥�õ�÷>ø�� stepsof the SDS,no statechanges
canoccur;thatis, theSDSreachesafixedpoint.
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Let � = + � =Ã�û:q3 ¥�õ �~ö í�¥�õ�÷>ø and �æb��Ö®������ . Notethat �Üñ�L , andthat

ù�õ �~ö í�¥�õ�÷>ø�b���+ � =â�û:q3 ¥�õ �~ö í�¥�õ�÷>ø��£�����ç:qó"í�¥�õ�÷>ø�?
By choosingó sothat {Áñ�ó�ñÝ+ L�®
��3 ¥�õ�÷>ø@í�: , wehave �9�z:�ó"í�¥�õ�÷>øÛñÐL . Thisen-
suresthat �
ù4õ �~ö í�¥�õ�÷>ø�� = ��+ � =Ì�û:�3�¥�õ �~ö í�¥�õ�÷>ø�� , which in turn, is anupperbound
thenumberof stepsbefore) reachesafixedpoint.

Sincethe ratio ¥�õ �~ö í�¥�õ�÷>ø is boundedby a polynomial in the sizeof the SDS, )
reachesafixedpointwithin apolynomialnumberof steps.Thus,theREACHABIL-
ITY, x -REACHABILITY andFIXED POINT REACHABIL ITY problemsfor theSDS
) canbesolvedin polynomialtime.

7 Applications: Hopfield Networks andCommunicating Finite StateMachines

We discussbriefly how our resultscanbedirectly usedto imply appropriatelower
boundsfor classesof Hopfieldnetworksandcommunicatingfinite statemachines.

Hopfield Networks. As discussedearlier, our lower boundsfor reachability
problemsfor (BOOL , AWT)-SDSsdirectly imply that reachabilityproblemsfor
Hopfield networkswith sequentialupdateandasymmetricweightsarePSPACE-
hard. Moreover, the result holds for very small edgeweights,boundeddegree
andboundedpathwidth(andhencetreewidth) graphs.To our knowledge,suchre-
sultshavenot beenreportedearlier. Our modelof SDSswith simple-thresholdand
simple-inverted-thresholdfunctionsand the correspondingPSPACE-hard lower
boundsfor thereachabilityproblemssuggesta potentiallynew variantof Hopfield
networks.

Communicating Finite State Machines (CFSMs). CFSMshave beenwidely
studiedasmodelsof concurrentprocesses.As a result,a numberof modelshave
beenproposedin theliterature.Sincethesemodelswereproposedfor differentap-
plications,they arenotalwaysequivalent.Wereferthereaderto [AKY99,BZ83,GC86,HKV97,Hoa84,Mi99,Ra97,Pe97,SH+96,VW86]
for definitions,results,applicationsandthe stateof currentresearchin this area.
The basicsetupconsistsof a collectionof finite statemachines.Thesemachines
communicatewith eachothervia explicit channels[BZ83,Pe97,GC86]or via ac-
tion symbols[Ra97,SH+96].Our resultsapply to both thesevariants.To seethis,
wenotethefollowing:

(1) Simple-thresholdandsimple-inverted-thresholdfunctionscanbeeasilyrepre-
sentedasfinite statemachines(FSMs)thatessentiallyemulateacounter. The
FSM correspondingto eachnodeof anSDSconsistsof two parts,namelya
control part anda part simulatingthe thresholdfunction. (For somemodels,
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wecansometimeseliminatethecontrolpart.)
(2) Sequentialupdateof the nodesof an SDScanbe simulatedby using : dis-

tinct (one for eachmachine)action symbolsthat in effect imply that each
FSM is updatedin theorderdeterminedfrom theorderingusedfor thegiven
SDS.Whendealingwith explicit channels,this canbe doneby initializing
all the FIFO I/O channelsandusingthe control part to make surethat each
machinecorrespondingto a thresholdfunction makesa transitiononly after
all its inputshave beenreceived.At thatpoint, the transitionsimply consists
of countinghow many inputsare1 andhow many of themare0. After this,
themachinepoststhe resultof evaluatingthe functionon eachof theoutput
channels.

Giventheseobservations,theremainingdetailsof thesimulationarefairly straight-
forward.Our resultsshow thatthePSPACE-hardnessof reachabilityproblemsfor
CFSMsholdsfor extremelysimpleindividualautomata.Specifically, theautomata
usea verysimplemodelof concurrency andtheunderlyinggraphsareof bounded
degree.This pointsout thata boundedamountof concurrency is sufficient to yield
computationalintractabilityresultsfor reachabilityproblemsfor CFSMs.Thus,the
resultsextendsomeof theearlierresultsin [SH+96,Ra97] onthecomplexity reach-
ability problemsfor communicatingstateprocesses.

Thelower boundscanbeviewedasa tradeoff betweenthethreebasicparameters
thatcharacterizecommunicatingfinite stateprocesses:(i) thepower of individual
automata,(ii) the interconnectionpatternand (iii) the communicationparadigm
(e.g. channels,action symbols).For instance,it is easyto prove the PSPACE-
hardnessof reachabilityproblemsfor a simplechainof communicatingautomata,
whereeachautomatonessentiallyencodesthe transitionfunction of an LBA. On
the other hand,we canalso show that reachabilityproblemsare PSPACE-hard,
wheneachindividualautomatonessentiallymimicsasimple-thresholdor asimple-
inverse-thresholdfunction.In eithercase,themessagepassingmechanismmaybe
explicit channelsor actionsymbols.

8 Summary and Conclusions

We showed that the reachabilityproblemsfor SDSs,whereeachlocal transition
function is eithera simple-thresholdfunctionor a simple-inverted-thresholdfunc-
tion,arePSPACE-complete.Wealsoshowedthattheseintractabilityresultsextend
to SDSswith monotonelocal transitionfunctionsandto otherdynamicalsystem
modelssuchasHopfieldnetworksandcommunicatingfinite statemachines.

Additional resultsfor otherrestrictedSDSsarereportedin [BH+02]. For example,
it is shown in [BH+02] that for SDSsover a unitary semiringwith linear local
transitionfunctions,the x -REACHABIL ITY problemcanbe solved in polynomial
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time. It is alsoshown thateveryBooleanSDSwhereeachlocal transitionfunction
is the 3-simple-thresholdfunction reachesa fixed point in at most � � :�í¯O�� steps,
where: is thenumberof nodesin theunderlyinggraph.

Our results for SDSswith thresholdfunctions provide one way of delineating
classesof SDSsfor which reachabilityproblemsare intractableand the classes
of SDSsfor which reachabilityproblemsareefficiently solvable.However, anex-
act characterizationof the complexity of reachabilityproblemsfor SDSsremains
anintriguingopenproblem.
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[FGW83] P. Floréen,E. Goles,G. Weisbuch. TransientLengthin SequentialIterationsof
ThresholdFunctions.DiscreteAppliedMathematics, No. 6, pp.95–98,1983.
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